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tion on the explanatory variable X is made besides smoothness assumptions on the regression
function and moment conditions on the response variable Y. In this article we consider the
kernel estimate and show that by replacing the boundedness assumption on X by a proper
moment condition the same (optimal) rate of convergence can be shown as for bounded data.
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1. Introduction

Let (X,Y), (X1, Y1), (X2,Y3), ... be independent identically distributed R? x R-valued random vectors with E(Y2} <o0. In regres-
sion analysis we want to estimate the so-called response variable Y after having observed the value of the so-called explanatory
variable X, i.e. we want to determine a function f with f(X) “close” to Y. If “closeness” is measured by the mean squared error,
then one wants to find a function f* such that

E{lf*(X)—Y|2}=mfir1E{lf(X)—Y|2}. (1)

Let m(x) := E{Y|X = x} be the regression function and denote the distribution of X by p. The well-known relation which holds
for each measurable function f

E{f(X) — Y} = E{jm(X) - Y| }+/lf %) (dx) (2)

implies that m is the solution of the minimization problem (1), E{{m(X) — Y|2} is the minimum of (2) and for an arbitrary f, the L,
error [ |f(x) — m(x)|2 u(dx) is the difference between E{|f(X) — Y|2} and E{jm(X) — Y|2}.

In the regressmn estimation problem the distribution of (X,Y) (and consequently m) is unknown. Given a sequence %, =
{(X1,Y1),...,(Xn, Yn)} of independent observations of (X, Y), our goal is to construct an estimate mpu(x) = mn(x, Zn) of m(x) such
that the Ly error [|mn(x) — m(x)% p(dx) is small.
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It is well known that there exist universally consistent estimates, i.e., estimates my with the property
E / Imn(x) — mE)Pu(dx) - 0 (n— o)

for all distributions of (X, Y) with E{Y2} <coc. This was first shown by Stone (1977) for the nearest neighbor estimate and later
extended by numerous papers, see, e.g., Devroye et al. (1994), Greblicki et al. (1984), Gyorfi et al. (1998), Gyorfi and Walk (1996,
1997), Kohler (1999, 2002), Kohler and Krzyzak (2001), Lugosi and Zeger (1995), Nobel (1996) and Walk (2005, 2008). See also
Gyorfi et al. (2002) and the literature cited therein.

Unfortunately, there do not exist estimates for which the expected L, error converges to zero with some nontrivial rate for all
distributions of (X, Y), cf. Cover (1968) and Devroye (1982), or Gyorfi et al. (2002, Chapter 3). So in order to derive nontrivial rates
of convergence, one has to restrict the class of distributions, in particular by assuming smoothness of the regression function.

Let & be a class of distributions of (X, Y). In the classical minimax theory, one considers the maximal error of an estimate
within the class Z of distributions of (X, Y) and tries to construct estimates for which this maximal error is minimal, i.e., one tries
to construct estimates my such that

sup E [ [mn(x) - m(x)?u(dx) ~inf sup E [ |fn(x) - m(x)]?p(dx). (3)

X.Y)eo Mmn (X,Y)eD

Here the infimum is taken over all estimates. Then the optimal minimax rate of convergence is defined as the rate of convergence
at which the right-hand side of (3) converges to zero.

In Stone (1982) the optimal minimax rate of convergence for a class of distributions of (X,Y) was determined, where the
regression functions are (p, C)-smooth according to the following definition.

Definition 1. Let p =k + ) for some k € N and some 0<y<1. Let C>0. A function m : R? - Ris called (p, C)-smooth if for all
kq,....kq € Ng with k=kq + - -- + k, the partial derivatives

okm
k] kd
Oxy'---0x d
of m exist and satisfy
okm okm

(x)— @)| <C-lx—zI” (xzeRY).
6x’1<1 ~~-6de 6x’1<1 m@de

Let Z(PC) be the class of all distributions of (X,Y) where X takes on values in [0,1]d,X has a density with respect to the
Lebesgue measure which is bounded away from zero and infinity by some constants c; and ¢y, Var{Y|X = x} is bounded and m is
(p, C)-smooth. It follows from Stone (1982), that for this class of distributions

E [ [fin(x) — m(x)|% dx

lim infinf  sup 202+ )2/ 20+ d)

>C;>0 (4)
i I 1
70 M (x y)e g PO)

for some constant C; independent of C (cf. Gyorfi et al., 2002, Theorem 3.2), and that a suitably defined local polynomial kernel
estimate satisfies

E [ |mn(x) — m(x)|% dx

i
PSP o C2d/p+d)n—2p/(2p+d)

n=00 (X )ez(PC

<(y<oo (5)

for some constant C, independent of C. Actually, both bounds have been proven in Stone (1982) not for the expected L, error
but instead in probability, which is a stronger result for the lower bound and a weaker result for the upper bound. The (slightly)
stronger upper bound (5) holds at least for p <1, cf. Gyorfi et al. (2002, Theorem 5.2).

Since X has a density with respect to the Lebesgue-Borel measure, which is bounded away from zero and infinity, for
X,Y) e 7PC) | the same result also holds for the L, error with integration with respect to the distribution p of X, which is the
error criterion considered in this paper. But in this case one can relax the assumption on X: It follows from Theorems 4.3, 5.2
and 6.2 in Gyorfi et al. (2002) (cf., Spiegelman and Sacks, 1980; Gyorfi, 1981; Kulkarni and Posner, 1995) that suitably defined
partitioning, kernel and nearest neighbor estimates satisfy

E/ IMn(x) — m(x)|%u(dx) < const - C24/(2P+d)—2p/(2p-+d) (6)
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provided X takes on values in [0, 1 ]d, Var{Y|X =x} is bounded and m is (p, C)-smooth for some p < 1. In case of the nearest neighbor
estimates one needs the additional condition d > 2p, for the other two estimates the result holds in any dimension (cf., Gyorfi
functions with p > 1), it was shown in Kohler (2000) that in case of bounded X and Y suitably defined the least squares estimates
also achieve the above optimal rate of convergence, regardless whether the distribution of X has a density with respect to the
Lebesgue-Borel measure or not.

If one compares these rate of convergence results with the universal consistency results cited above, then one gets the
impression that it should be possible to replace the boundedness assumption on X by weaker conditions like existence of
some moments of | X||. This conjecture was already formulated in Stone (1982) as Question 1. In this paper we show that the
conjecture is indeed true. This is interesting in applications because it implies that one can get reasonable results for distributions
with bounded support even in case of large values of || X||. In particular we show that for m bounded and (p, C)-smooth with
0<p<1,Var{Y|X = x} bounded and E||X||f <oo for some f>2p, a suitably defined kernel estimate satisfies (6). Furthermore
we show that if we replace the moment condition by E||X||ﬂ<oo for some 0< fi<2p,there exists no estimate for which (6)
holds for all such distributions. Similar results for partitioning and nearest neighbor regression estimates have been derived in
Kohler et al. (2006).

Throughout the paper we will use the following notations: N, R and Ry are the sets of natural, real and nonnegative real
numbers, respectively. The euclidean norm of x € R? is denoted by [1x]. Set Szr = {x € RY [|x —z||<1},Zz € [R{d, r>0.1p denotes
the indicator function of a set D. For x € R, [x] is the least integer greater than or equal to x, and |x] is the greatest integer less
than or equal to x. Throughout the proofs c1, ¢y, ... denote suitable constants.

The main results are stated in Section 2 and proven in Sections 3 and 4.

2. Main results
Let mp be the kernel estimate defined by
n x—X;
Sk (fi) Vi
n x—X;
1K (i)

(with 0/0 := 0) where the measurable kernel K : RY - R+ satisfies

Mmp(x) =

c115y, <KX <5y, (%) (x e RY) 7)

for some constants 0<cq < ¢y <oo, and the bandwidth hp(x) depends on x. We choose hp(x) such that it will increase with ||x]|.
More precisely, we set

_ [hn (U xR E g < (2P @A),

oo if x| > (n20/(2p+d)-B) |, (8)

hn(x)
where p and § are defined below and hy = C~2/(2p+d)p—1/(2p+d),
Theorem 1. Assume that the distribution of (X, Y) satisfies the following four conditions:

(A1) m(x)=E{Y|X =x} is bounded in absolute value by some constant L>1.
(A2) m(x) =E{Y|X =x} is (p, C)-smooth for some 0<p<1,C>1.
(A3) The conditional variance of Y satisfies

Var{Y| X =x} < 0%

for some g9 >0.
(A4) There exists a constant 3 >2p such that

EIX|f <m
for some constant M > 0.
Define the kernel estimate mp as above with kernel K satisfying (7) and with bandwidth hn(x) defined by (8). Then
E [ imn(x) ~ mG0(dx) <c - 220+ =202+

where c3 depends only ond,p, ,L,M, 6, c1 and c;.
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Theorem 1 implies the following result concerning minimax rate of convergence: Let 0<p<1,C>1,>2p,L>0,M >0 and
aog>0.Let Z(p,C fB,L M, aq) be the class of all distributions of (X, Y) which satisfy (A1)-(A4) for these values of p, C, 5, L, M and ay.
Then

sup E/\mn x)| ,u(dx)<C3 C24d/(2p+d)—2p/(2p+d)
(X.Y)eZ(p.C.p.LM,0¢)

It follows from (4) that the above rate is the optimal minimax rate of convergence for the class Z(p, C f3,L, M, ) of distributions
of (X, Y). Next we present a lower bound on the rate of convergence, which implies that one needs a condition on the tails of ||X]|
in order to get the above rate of convergence result.

Theorem 2. Let p>0,C>0 and f5 <2p. Then we have for M sufficiently large

11m mf n2P/(2p+d) jnf sup E/ |mn(x X)|2 p(dx) =
M (X,Y)eZ(p.C.5.C.M,1)

Remark 1. Let the kernel estimate my, be defined as above with kernel K satisfying (7). By rescaling of the kernel we can assume
w.l.o.g. that c; > 1. In this case the estimate can be also defined via

Eiak (i ))“
max(1, " K(¥ Q{

mp(x) =

(9)

This definition of the kernel estimate was used in Spiegelman and Sacks (1980) in connection with the analysis of the rate of
convergence of the estimate for bounded X. By combining ideas presented there with the proof of Theorem 1, it can be shown
that Theorem 1 also holds for the estimate (9) even if the kernel does not satisfy (7) but is instead bounded, has compact support
and satisfies

mm>ﬁkwu)ueR%

for some c* >0 and some 6> 0.

Remark 2. Theorem 1 above extends well-known optimal rate of convergence results to unbounded distributions of the ex-
planatory variable X in case of (p, C)-smooth regression functions where p satisfies p < 1. In L, regression it is known that kernel
estimates (like other local averaging estimates) are not able to achieve the optimal rate of convergence for p > 1.5 even in case of
bounded || X| (cf., Egs. (5.2) and (5.4) in Gyorfi et al., 2002). Therefore it is not possible to extend Theorem 1, which considers the
kernel estimate, in such a way that we get the optimal rate of convergence for arbitrarily smooth regression functions.

Remark 3. The kernel estimate above is easy to compute in practice, but as pointed out in the previous remark it does not achieve
the optimal L, rate of convergence for very smooth regression functions. We next show that under stronger conditions on Y than
in Theorem 1 and with a least squares estimate, which is very hard to compute in practice, it is possible to get the optimal L, rate
of convergence also for very smooth regression functions and X with unbounded support.

To see this, define a partition %), of R? depending on C,p, f>0and n € N as follows: For j € N set
- rCZ/(2p+d)nl/(2p+d)/j/3/(2p)]

and let A/

na1 e

A

nay be the uniform partition of [,j| consisting of (2))* - MgJ cubes of the side length hy, j = 1/Mp, ;. Set
nj
jmax(n) = [n2P/(2p+d)-f),
and define 2y, by

]max (n)

Pn = (R [~jmax(n).jmax(m)]%) U AL, : k=1,...,29M¢ ) U WA= =10 =11 A A =G 1), - 11920),

Let &, be the set of all piecewise polynomials of degree M with respect to #5;, which are bounded in absolute value by (L + 1).
Let my, be the corresponding least squares estimate, i.e.,

mp(-) = argmin — . Z X)) —

fEe/n i=1
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Assume that
(A3) K2 . Ee-mOK _qxy<ay as.

for some K, g >0, and, in addition, (A1), (A2) (with p >0 arbitrary) and (A4) hold.
Then

E/ Imn(x) — m(x)|? u(dx) < const - C24/(2p+d) . n=2p/(2p+d)

so the least squares estimate achieves the optimal rate of convergence also for unbounded support of X and p > 1.
We can derive this result using the proof of Corollary 1 in Kohler (2006) which implies

E/Imn x)|? (dx) < const - <(M+]n) |Zn] +fe"5'fn/[f x)| ﬂ(dx))

(Actually, this result is proven only in probability in Kohler, 2006. Nevertheless this implies the above result, since the probability
in Kohler, 2006, converges to zero exponentially fast and since the L, error is bounded.)
Now it is easy to see that

w < const . C24/(2p+d) _~2p/(2p+d),

Furthermore, by Lemma 11.1 in Gyorfi et al. (2002), we can bound the approximation error by
: _ 2 < 2 \A12D 2 N ; d
f”;ei / f(x) — m(x)|u(dx) < const - E C - AP - w(A) + L - w(R™\[—jmax(n), jmax(m)]%).
[
! AcPn AC]~jmax(n)jmax(n)]4

By the definition of #;; we can bound the right-hand side above by

const - C - / [hn - (14 1xPP) () + 12 - (R [—jmax(n), jmax(n)]9),

[—jmax(n)dmax(m)]¢
and by bounding this as in the proof of Theorem 1 below one gets the desired result.
3. Proof of Theorem 1
We have
E{(mn(x) — m(x))*|X1, ..., Xn} = E{(mn(X) — fn(x))*|X1, ... Xn} + (n(x) — m(x))?,
where
x—X;
K () - MO

() = Emn(x)X1, . Xn) = )
S K ()

Now,

X}<(C2>2 S Varl X s, o (X0)
WA

E((mn(X) - fn(0)IX1, ... 15 (X)P
i=1" Sk ()

{B(x)>0

where
n
)=y 1 Sehn (x)(xl)
i=1

is binomially distributed with parameters n and q = ,u(SX,hn(X)) and ¢4 = (c/cq )2.
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Furthermore, by Jensen’s inequality and boundedness and (p, C)-smoothness of m we get

(ifn(x) — m(x))?

n N . 3\ 2
< <2>2 (EER T S ) 1g(xg0) + M*)* 1(px=0)
n X X)=
“ Zi:l ]Sx,hn(x)(xi)
Ly (m(X) - m))* - 1.,
T T 00

<cq min{C2{hn(x)12P, 412} + 21 g0

o Xi)

2
<c “Tpx)>0) + M(X)" 1 gx)—0)

Gathering the above results we get

1 .
E{(mn(x) — m(x))?) < c403E { B | (B0>0) } + ¢4 min{C2|hp(x)|?P, 4L%) + [2P{B(x) = 0}.

Using

we get

E{(mn(x) — m(x))?} < max{c403,12} - + ¢4 min{C2|hn(x)12P, 412).

(n + ]) . u(sx,hn(x))

E / IMn(x) - m(x)/2u(dx)

2. max{C4(f%,L2} / 1
n+ 1 ‘u(SX,hn(X))

1(dx) + ¢4 / min{C2(hn(x)12P, 412} (dx). (10)

B

Next we bound the first integral on the right-hand side of (10). Because of,u(SX_hn(x)): W [Rd) =1 for ||x| > LnZP/((2p+d)'/f)J we have

(n2p/(2p+d) ),

1 1 1
A< / )+ [ S E——ET N / 1 p(dx).
/ H(Sx hn(x)) S0z H(Sxhy) J; Soj\S0-1 H(Sy pyibi2p) [Red\so'mzlﬁ,/(alJ Y

Fix 3 <j < (n2P/(2p+d)-B)| and set r = hpjP/2P). Then

r< C-2/@p+d)p=1/2p+d)1/(2p+d) 1,
Choose z1, ...,z such that the balls
Sz1ifdr-++Sz.0/4 (11)

are contained in Sg j, 1\Sg j_p, do not overlap and such that the number ! of these balls is maximal. Then [ can be bounded by

o VoISoj4) —VolSoj2) _ G+ -G-2 _  a1-paep. 1
Vol(So,r74) (r/4) nd
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where c5 = 2d8¢ and Szy1/20 ,Szl‘r/z cover Sg\Spj_1 (because if any point z € Sp;\Sgj_1 is in none of those balls, then S, /4
does not overlap with any of the balls (11) and is contained in S0,j+1 \SOJ-_2). From this we can conclude

e Wd0< / J ()
/SOJ\SOJ 1 M th_’ﬂ/ 2p)) Z Sz 1 S’”
. 1
<y / e p(d) =1
i Sz Mz2)
since forx € g2 We have Szr/2 S Sxr- Applying a similar argument to [502 M(S u(dx) we get

1 1 &2 1\ 1+d(B/2p)-1)
/ ,u(Sx H(dx)<65 4 Z (—) + H(Rd\so_HZD/((ZPM)-ﬁ)_] )

.hn(x)) hn j=1 J
The Markov inequality implies
E|Xx| 5 p
R4S )< — A Ex B . 2Bn—2p/Cp+d), 12
HE N o anCosti ) ey iy < E! (12)

From this we can conclude
/ ; #(dx)<C6 . (i + n_zp/(2p+d))
IS hn(x)) hd
for some constant cg depending on d, p, f and M.
Concerning the second term on the right-hand side of (10) we have

/ min(C2[hn(x)12P, 412) 1(dx)

)

<c. / (hn - (1 + IXDP2P2P () + 42 RN apaprarp),

<P 2P (1 EIXIP) + 42 URDS ) oprcprar))

<cy- (CZh%P + n72p/ 2p+d))'

where the last inequality follows from (12) and c7 = max{Zﬁ(l + EHXHﬁ), 4L2E\|X\|ﬁ25}.
Putting together the above results we get

E f IMn(x) — m(x)| u(dx)
2 - max{cy 02,12} 1 ~ , )
< T‘lo - Cg - (E +n 2P/(2P+d)) +cq-07- (CZth +n 2p/(2p+d))

< cg - €24/C2p+d)p—2p/C2p+d)
where c3 = 3 max{c403,[?}cg + 2c4¢7. O
4. Proof of Theorem 2

First we define a subclass of distributions of (X, Y) contained in Z(p,C, f,C, M, 1). Assume that X has a density

1 d
fX)=cg- ————— (xeRY),
(1 +[jx11)%P+d
thus
1
E||X||ﬁ<c8/—dx = M<oo.
(1 -+ x) 2=
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Set g(x) = C - g(x) for some function g : R? _ R such that g(x)=0forx¢[-1/2, 1/2]d,§(x)7£0 elsewhere, g bounded in absolute
value by 1, and g (p,27~1)-smooth, where p = k + y for some k € N, 0<y< 1. The class of regression functions will be indexed
by a vector

cJmax (n)

1 1 Cimax(n
’ TN jmax(n)

n1ve s Cag el

of +1 or —1 components, where jmax(n) and N 1, coor N jmax(n) are defined below. Denote the set of all such vectors by @n.
For ¢ € €}, define the function

() Jmaxn) nj _

c

m(x) = Z Z nk nk
j=1 k=1

where

g0 =M, Pe(Mpj(x — ).
Set

My = [C/Cp+d) 2o+

d

nNyj be the centers of those cubes

partition [—j, ]]d into (2])de uniform cubes A’ of side length hy, j = 1/M;; and let a’n 1o

Ae {A’ |k =1,. (Zj)de -} which satisfy A € [—], ]]d\[ G-1.j- l]d (The last condition ensures that the supports oftheg’
are dlS_]Ol[lt ) W.l.o.g. assume that a’ lS the center ofA’ . Here N, ; is the number of those sets A’ Whlch are contalned in
(=i, J1\[=G = 1).j — 1% In case of

—_

1 J
N S
i = W S ol dniored) S 2°
(which is implied by j < [ 1 C/(2P+Dn1/2P+d) = ji44(n)) all cubes A’,; , Which are not contained in [-(j — 1/2),j - 1/2]% have this
property. There are at most

Q-1 i
T — @My
ny

cubesin [—-(j —1/2),j — 1/2]d, thus

et @i-1? 4, »
R P
njy njy

where cg = 24-1_We can show similarly as in the proof of Theorem 3.2 in Gyorfi et al. (2002) that m(©) is (p, C)-smooth. Hence
each distribution (X, Y) with Y = m(€)(X) + N for X, N independent, N standard normal, X having density f and c € %}, is contained
in 2(p,C, p,C, M, 1). Thus it suffices to show

11m 1nfn2p/(2p+d) mf sup E/ |mp(x ()12 u(dx) =
Gn,

M (x,Y):Y=m()(X)+N,ce
X has density f

Let mp be an arbitrary estimate. Since {gfl k(x) : j,k} is an orthogonal system in Ly, the projection riip of my to m© ;¢ e
Z]max(") '

i} is given by
]max(”)N
Z Z C’ kg; k(x
j=1 k=
where
.y mn(x)g:”(( J(dx)
é’n,kz

fA’;k(%vk(x )% u(dx)
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Let ¢ € ; be arbitrary. Then

f IMa(x) — mOX)2 u(dx) > / IFn(x) — m(O(x)2 u(dx)

jmax(n) Nnj

= Z Z[ nkghk nkg:1k

j=1 k=1

Jmax(”)

nj J . .
Z Z Cln,k )2 /lg’n,k(xﬂzll(dx).
j=1 k=1

Let 611.1 K be 1 when 6{1 K >0 and —1 otherwise. Because of

& c’ [=1 i
nk C’n k # Cln.k}
we have
]max(”) .
/|mn — mO(x)12 p(dx) > Z] IZI k¢CI /|g§1'k(x)|2u(dx).
j k=

Fix 1<j<jmax(n)and 1 <k<NnJ. Then

g, =0 forx¢[-jjl",

SO

/'g’r;,k(")'Z“(dX): /Igf;'k(x) 2f(x) dx
1 j 2
CSW/Ig}n’k(X)I dx

= 12 i) dC2/g
(1 + Vdj)y*P+ 1\/1”5’.+

which implies

jmax(n) Nn,j 1 C] c] 1
E [ ima() - mO002 () > Ccy [ 00 P, 2 )
121: g 2p+d nk ( +\/a]-)2p+cl
Now, let us randomize c by taking a sequence Cr11,1' ]"m"?;j;{,x(n) of i.i.d. random variables independent of (X1, Nq),(X2,N2), ...,
satisfying
PiChy =1 =PIy =-T)= 3.
Then
n2p/(2p+d) it sup E/ Imn(x) — m(O(x)2u(dx)
M (% ¥):Y=m(O(X)+N,cc@n,
X has densntyf
‘l ~. .
> mfn d/(2p+d Z Z]2p+d cg- /g ) dx——— P& £ 3,
i3 ke (1+ﬁj)2p+d nk nk

where ¢ is the vector of c] Wthh can be interpreted as a decision on C usmg the observed data. Fix 1<j<jmax(n) and

1<k<Nyj. Let X, X, be those X; eA’n .- Then

(Vigoeen Vi) = O (& Xy oenn X3 ) + Ny NG ),

ipreeer
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while

V1o Y\ Yy Y )

are independent of C{1 K given X1, ..., Xn. By Lemma 3.2 in Gyorfi et al. (2002) we get

P{é’n'k;écfn_k|x1,...,xn}>¢ -

P{E{Lk # C{I,k} >
Because of
E(&) (X2 = 2P [ (M — ) ) (x)
nk
< nMngp/ F(Mpjix—d ) 8 5o d
A’n'k (1 +U_1)) Pt
=nM, 2p dCZ/g (x)dx - 2p+d
:c8~/§ (X)dx<oo
we conclude
n2p/(2p+d) jnf sup E/ Imn(x) — m(O(x) 2 u(dx)
0 % Y)Y = O(X)+N.ce@n,
X has den51tyf
1

ma
>C10 .n- /2p+d) N 2p+d e
= JX; (1+ﬁj)2p+d
1

(n)
Scqqon /(2p+d) Z jd=1. c2d/(2p+d) nd/(2p+d) jdy i 2p+dm
Y

j=1
Jjmax(n) 1
>0y C24/(2p+d) Z 7 NS
j=1

since jmax(n) — oo as n — oo, where cq depends on C,d,p and cg. [
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